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SADDLE TOWERS IN H2 × R
FILIPPO MORABITO AND M. MAGDALENA RODRÍGUEZ
Abstrat. Given k > 2, we onstrut a (2k−2)-parameter family of properly embedded
minimal surfaes in H2 × R invariant by a vertial translation T , alled Saddle Towers,
whih have total intrinsi urvature 4pi(1 − k), genus zero and 2k vertial Sherk-type
ends in the quotient by T . As limits of those Saddle Towers, we obtain Jenkins-Serrin
graphs over ideal polygonal domains (with total intrinsi urvature 2pi(1−k)); we also get
properly embedded minimal surfaes whih are symmetri with respet to a horizontal
slie and have total intrinsi urvature 4pi(1− k), genus zero and k vertial planar ends.
1. Introdution
H. F. Sherk [15℄ found a singly periodi minimal surfae in R3 invariant by a vertial
translation, whih an be seen as the desingularization of two orthogonal vertial planes.
This is the onjugate surfae of the doubly periodi minimal surfae obtained from the
graph surfae of
u(x, y) = log
cos x
cos y
, |x| <
π
2
, |y| <
π
2
,
rotating it by an angle π about the straight vertial lines in its boundary. Suh singly
periodi minimal surfae an be seen in a 1-parameter family of singly periodi minimal
surfaes invariant by a vertial translation, by hanging the angle between the vertial
planes. They are alled singly periodi Sherk minimal examples.
In general, onsider a onvex polygonal domain Ω ⊂ R2 with 2k edges of length one,
with k > 2. Mark its edges alternately by +∞ and −∞. H. Jenkins and J. Serrin [5℄ gave
neessary and suient onditions for the existene of a funtion u dened on Ω whih
goes to ±∞ on the edges, as indiated by the marking. To satisfy suh onditions, Ω
is assumed to be dierent from a parallelogram bounded by two sides of length one and
two sides of length k − 1, for k > 3 (see for instane Mazet, Rodríguez and Traizet [11,
Proposition 1.3℄).
The graph surfae Σu of u is bounded by 2k vertial straight lines above the verties
of Ω. The onjugate minimal surfae of Σu is then bounded by 2k horizontal symmetry
urves, lying in two horizontal planes at distane one from eah other. By reeting about
one of the two symmetry planes, we obtain a fundamental domain for a properly embedded
singly periodi minimal surfae M of period T = (0, 0, 2). In the quotient by T , M has
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genus zero and 2k ends asymptoti to at vertial annuli (quotients of vertial half-planes
by T ). This kind of ends are lassially alled Sherk-type ends. Remark that hanging
the length ℓ of the edges of Ω gives nothing but M resaled by ℓ. This is why we an x
ℓ = 1.
This proedure provides for k = 2 the 1-parameter family of Sherk examples; and
for any k > 3, a (2k − 3)-parameter family of examples, whih were onstruted by
H. Karher [6, 7℄ and alled Saddle Towers. These examples have reently been lassied
by J. Pérez and M. Traizet [13℄ as the only omplete embedded singly periodi minimal
surfaes in R3 with genus zero and nitely many Sherk-type ends in the quotient.
In this paper we follow the same strategy in H2 × R to onstrut properly embedded
singly periodi minimal surfaes in H2 × R invariant by a vertial translation T , with
genus zero and 2k vertial Sherk-type ends in the quotient by T . We say that an end is
a vertial Sherk-type end when it is asymptoti to the quotient by T of half a vertial
geodesi plane.
Theorem 1.1. Given k > 2 and a vertial translation T , there exists a (2k−3)-parameter
family of properly embedded singly periodi minimal surfaes in H2×R with total (intrin-
si) urvature 4π(1 − k), genus zero and 2k vertial Sherk-type ends in the quotient by
T . We all them Saddle Towers.
Independently, H. Lee and J. Pyo [9℄ have reently onstruted symmetri Saddle Towers
following two dierent approahes: the onjugation method explained above and a barrier
method (see Remark 3.2).
We observe that we do not have homotheties in H2 × R, so the length of T gives us
another parameter of the family. Then, we obtain a (2k − 2)-parameter family of Saddle
Towers. The following theorems gives us possible limits of Saddle Towers when the length
of T goes to +∞.
Theorem 1.2. Given k > 2, there exists a (2k−3)-parameter family of properly embedded
minimal surfaes in H2 × R with total (intrinsi) urvature 4π(1 − k), genus zero and k
ends, eah one asymptoti to a vertial geodesi plane. Those surfaes are invariant by
the reetion symmetry about H2 × {0}, and an be obtained as limits of Saddle Towers
invariant by T = (0, 0, 2ℓ), with ℓ diverging to +∞.
Theorem 1.2 inludes the 1-parameter family that J. Pyo [14℄ has independently on-
struted very reently. These are the examples explained in Remark 4.3.
Note that Theorem 1.2 provides the existene of properly embedded minimal surfaes
with genus zero and k > 3 ends in H2 ×R, whih is not possible when the ambient spae
is R
3
. This shows again that H
2 × R allows for a wider variety of examples than R3.
L. Hauswirth and H. Rosenberg prove in [3℄ that, when it is nite, the total urvature
of a omplete embedded minimal surfae in H2 × R is a multiple of 2π, and give simply
onneted examples whose total urvature is −2πm, for eah non-negative integer m.
They also suggest that it would be interesting to onstrut non-simply onneted examples
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of nite total urvature; for example an annulus of total urvature −4π. Theorem 1.2
inludes suh examples.
The examples onstruted by Hauswirth and Rosenberg are minimal graphs over polyg-
onal domains with 2(m + 1) edges, whose verties are at innity (alled ideal polygonal
domains), with boundary values ±∞ alternately. We all these graphs Jenkins-Serrin
graphs over ideal polygonal domains. The Jenkins-Serrin problem over ideal polygonal
domains was studied by P. Collin and H. Rosenberg in [1℄. In Setion 5 we prove that the
Jenkins-Serrin graphs over ideal polygonal domains an be obtained by taking limits of
half of the omplete surfaes satisfying Theorem 1.2 or taking limits of Saddle Towers.
Theorem 1.3. Given k > 2, let Fk be the (2k − 3)-parameter family of Jenkins-Serrin
graphs over an ideal polygonal domains with 2k edges. Then Fk is self-onjugate in the
sense that the onjugate surfae of a graph in Fk also belongs to Fk. Furthermore, the
graphs in Fk an be obtained as limits of Saddle Towers with 2k ends, invariant by T =
(0, 0, 2ℓ), when ℓ diverges to +∞.
2. Preliminaries
All surfaes in the paper are supposed to be onneted and orientable.
We onsider the Poinaré disk model of H2,
H
2 = {(x, y) ∈ R2 | x2 + y2 < 1},
with the hyperboli metri g−1 =
4
(1−x2−y2)2
(dx2 + dy2), and denote by t the oordinate
in R. Consider in H2 × R the usual produt metri
ds2 =
4
(1− x2 − y2)2
(dx2 + dy2) + dt2.
2.1. Minimal graphs in H2 × R. Let Ω ⊂ H2 be an open domain and u : Ω → R a
smooth funtion. The (vertial) graph of u is minimal in H2 × R if
(1) div
(
∇u√
1 + |∇u|2
)
= 0,
where all terms are alulated in the metri of H2.
In [12℄, B. Nelli and H. Rosenberg proved a Jenkins-Serrin type theorem for simply
onneted bounded onvex domains inH2×R: Let Ω ⊂ H2 be a simply onneted bounded
onvex domain whose boundary onsists of a nite number of geodesi ars A1, . . . , An,
B1, . . . , Bm and a nite number of onvex ars C1, . . . , Cp (onvex with respet to Ω),
together with their endpoints, suh that no two Ai edges and no two Bi edges have a
ommon endpoint. They gave neessary and suient onditions (in terms of the lengths
of the boundary ars of Ω and of the perimeter of insribed polygons in Ω whose verties
are among the verties of Ω) for the existene and uniqueness (up to an additive onstant,
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in the ase the family of Ci ars is empty) of a solution u for the minimal graph equation (1)
suh that
u|Ai = +∞, u|Bi = −∞, and u|Ci = fi,
for arbitrary ontinuous funtions fi.
P. Collin and H. Rosenberg [1℄ solved the Jenkins-Serrin problem for unbounded simply-
onneted domains bounded by a nite number of omplete geodesi ars and a nite
number of omplete onvex ars, together with their endpoints at ∂∞H
2
, with the ad-
ditional assumption that two onseutive boundary edges of Ω are asymptoti at their
ommon endpoint at ∂∞H
2
. A general Jenkins-Serrin problem in H
2 × R was solved by
the seond author together with L. Mazet and H. Rosenberg in [10℄.
In this work we will onsider the partiular ase where Ω is a onvex polygonal domain
with 2k geodesi edges A1, B1, . . . , Ak, Bk (ylially ordered) of the same length ℓ ∈
(0,+∞]. When ℓ = +∞, Ω is assumed to be either an ideal or a semi-ideal polygonal
domain, see Denition 2.1 below. We will state the Jenkins-Serrin theorem for suh
domain Ω. Before, we x some notation.
Denition 2.1. Let Ω be a polygonal domain (i.e. a domain whose edges are geodesi
ars). We all ideal verties of Ω to those of its verties that are at ∂∞H
2
. We say that
Ω is ideal when all its verties are at ∂∞H
2
. We say that Ω is semi-ideal when it has an
even number of verties p1, . . . , p2k (ylially ordered), suh that the odd verties p2i−1
are in H2 and the even verties p2i are at innity ∂∞H
2
(or vieversa).
For eah ideal vertex pi of Ω (if it exists), we onsider a horoyle Hi at pi. Assume
Hi is small enough so that it only intersets ∂Ω at the boundary edges having pi as an
endpoint, and so that Hi∩Hj = ∅, for every i 6= j. Given a polygonal domain P insribed
in Ω (i.e. a polygonal domain P ⊂ Ω whose verties are drawn from the set of endpoints
of the Ai, Bi edges, possibly at innity), we denote by Γ(P) the part of ∂P outside the
horoyles (observe that Γ(P) = ∂P in the ase Ω has no ideal verties). Also let us all
α(P) =
∑
i
|Ai ∩ Γ(P)| and β(P) =
∑
i
|Bi ∩ Γ(P)| ,
where | · | = length
H2
(·).
Denition 2.2. Let Ω be a onvex polygonal domain as above. We say that Ω is a
Jenkins-Serrin domain when the following two additional onditions hold for some hoie
of horoyles at its ideal verties:
(i) α(Ω) = β(Ω).
(ii) 2α(P) < |Γ(P)| and 2β(P) < |Γ(P)| for every polygonal domain P insribed in Ω,
P 6= Ω.
Remark that ondition (i) in the above denition does not depend on the hoie of
horoyles Hi; and if the inequalities of ondition (ii) are satised for some hoie of
horoyles, then they ontinue to hold for smaller horoyles.
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Figure 1. Consider the translation φ in the diretion of the x-axis suh
that the edges of the geodesi square D determined by Γ and φ(Γ) (the
shadowed region) have length ℓ. Translating twieD by φ we get a polygonal
domain of eight edges of length ℓ whih is not a Jenkins-Serrin domain.
Theorem 2.3. Let Ω be a onvex polygonal domain with 2k edges A1, B1, . . . , Ak, Bk
(ylially ordered) of the same length ℓ ∈ (0,+∞]. There exists a solution u for the
minimal graph equation (1) suh that
u|Ai = +∞ and u|Bi = −∞,
if, and only if, Ω is a Jenkins-Serrin domain. Moreover, if it exists, then it is unique up
to an additive onstant.
Remark 2.4. In R3, the only onvex polygonal domains with 2k edges of the same length
ℓ ∈ (0,+∞) whih are not Jenkins-Serrin domains are parallelograms bounded by two
sides of length ℓ and two sides of length (k − 1)ℓ, with k ≥ 3 (see [11, Proposition 1.3℄).
In H2 × R, it is not so restritive. For instane:
• Let Γ be a geodesi ar of length ℓ, and let p be its middle point. Consider a
geodesi γ passing through p, and a hyperboli translation φ along γ suh that the
distane from the endpoints of Γ and φ(Γ) is ℓ. Call D the polygonal domain of
four edges determined by Γ, φ(Γ). The onvex polygonal domain obtained from D
by translating it k times by φ (see Figure 1). is a polygonal domain of 4+2k edges
of length ℓ whih is not a Jenkins-Serrin domain.
• It an be also onsidered a onvex polygonal domain D of 2n edges of length ℓ
suh that the interior angles at their verties are smaller than or equal to π/2.
By reeting k times D about two opposite edges, we obtain a onvex polygonal
domain with 2n+2(n−1)k edges of length ℓ whih is not a Jenkins-Serrin domain
(see Figure 2).
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Figure 2. The shadowed region D is a geodesi hexagon whose edges have
length ℓ and their interior angles are π/2 up to at two opposite verties p, q
where the interior angles are stritly smaller than π/2. By reeting D with
respet to one of the edges who has not p nor q as an endpoint, we get a
polygonal domain of ten edges of length ℓ whih is not a Jenkins-Serrin
domain.
2.2. Conjugate surfaes in H2 × R. In this subsetion we will reall how to obtain
minimal surfaes in H
2 × R by onjugation from other known minimal examples. For
more details see B. Daniel [2℄.
Let Σ be a simply onneted Riemann surfae and J be the rotation of angle pi
2
on TΣ.
Denote by 〈·, ·〉 the Riemannian metri on Σ. Given a onformal minimal immersion
X : Σ→ H2 × R, let us all:
• S the symmetri operator on Σ indued by the shape operator of X(Σ);
• T the vetor eld suh that dX(T ) is the projetion of ∂
∂t
onto T (X(Σ));
• N the indued unit normal eld on X(Σ);
• ν = 〈N, ∂
∂t
〉 the angle funtion (in partiular, ‖T‖2 + ν2 = 1).
Theorem 2.5 ([2, Theorem 4.2℄). Let X : Σ→ H2×R be a onformal minimal immersion
and z0 ∈ Σ. There exists a unique onformal minimal immersion X
∗ : Σ→ H2 × R suh
that:
(1) X∗(z0) = X(z0) and (dX
∗)z0 = (dX)z0;
(2) the metris indued on Σ by X and X∗ are the same;
(3) the symmetri operator on Σ indued by the shape operator of X∗(Σ) is S∗ = JS;
(4)
∂
∂t
= dX∗(T ∗) + νN∗, where T ∗ = JT and N∗ is the unit normal vetor to X∗.
Denition 2.6. The immersion X∗ obtained in Theorem 2.5 is usually alled the onju-
gate immersion of X , and X∗(Σ) is the onjugate surfae of X(Σ). In fat, we will not
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assume ondition (1) in Theorem 2.5 for the denition of onjugate surfae; i.e. we will
onsider the onjugate surfae X∗(Σ) well-dened up to isometries of H2 × R preserving
the orientation of both H
2
and R.
Let X = (ϕ, h) : Σ→ H2 ×R be a onformal minimal immersion. Sine X is minimal,
the height funtion h is a real harmoni funtion, and that ϕ is a harmoni map to H2.
In partiular, we an dene the Hopf dierential of ϕ, given by Qϕ := 4
∥∥∂ϕ
∂z
∥∥2 dz2. Sine
X is onformal, Qϕ := −4
(
∂h
∂z
)2
dz2, where z = u+ iv is a loal oordinate on Σ.
Proposition 2.7 ([2, Proposition 4.6℄). Let X = (ϕ, h) : Σ → H2 × R be a onformal
minimal immersion, and denote by X∗ = (ϕ∗, h∗) : Σ → H2 × R its onjugate immer-
sion. Then, h∗ is the (real) harmoni onjugate of h and the Hopf dierential of ϕ∗ is
Qϕ∗ = −Qϕ.
We remark that L. Hauswirth, R. Sa Earp and E. Toubiana [4℄ gave a dierent denition
of onjugate immersion: Given a onformal minimal immersionX = (ϕ, h) : Σ→ H2 × R,
they proved there exists a onformal minimal immersion X∗ = (ϕ∗, h∗) : Σ→ H2 × R iso-
metri toX suh that Qϕ∗ = −Qϕ. They all onjugate immersion of X to suh onformal
minimal immersion X∗. Suh onjugate immersion is well-dened up to an isometry of
H2 × R (not neessarily preserving the orientation of both H2 and R), by Theorem 2.8
below. We will use in this paper Daniel's denition of onjugate immersion.
Theorem 2.8 ([4, Theorem 6℄). Two isometri onformal minimal immersions X1 =
(ϕ1, h1), X2 = (ϕ2, h2) of Σ in H
2 × R having the same Hopf dierential Qϕ1 = Qϕ2, are
equal up to an isometry of H2 × R.
Some geometri properties of onjugate surfaes in H2 × R are also disussed in [2℄.
Similarly as in R3 (see Karher [6, 7, 8℄), we get the following lemma.
Lemma 2.9. The onjugation exhanges the following Shwarz reetions:
• The symmetry with respet to a vertial plane ontaining a urvature line beomes
the rotation with respet to a horizontal geodesi of H2, and vieversa.
• The symmetry with respet to a horizontal plane ontaining a urvature line be-
omes the rotation with respet to a vertial straight line, and vieversa.
We will use the above orrespondene to study the onjugate surfae of minimal graphs
dened on onvex polygonal domains of H2. The surfae ontruted in this way is a
minimal graph (and onsequently embedded), as ensured by the following generalized
version of Krust's Theorem.
Theorem 2.10 ([4, Theorem 14℄). Let X(Σ) be a (vertial) minimal graph over a onvex
domain Ω ⊂ H2. Then X∗(Σ) is a (vertial) minimal graph.
3. Saddle Towers in H2 × R
This setion deals with the onstrution of properly embedded minimal surfaes in H2×
R invariant by a vertial translation T , whih have total urvature 4π(1− k), genus zero
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Figure 3. Left: This is an example of a (symmetri) bounded Jenkins-
Serrin domain Ω with six edges of the same length. Right: This piture
shows the vertial projetion over H2 of the onjugate surfae (whih is a
graph) of the graph over Ω with boundary values +∞ over A1 ∪ A2 ∪ A3
and −∞ over B1 ∪ B2 ∪B3.
and 2k vertial Sherk-type ends in the quotient by T (Theorem 1.1). The onstrution
is similar to the one of Karher's Saddle Towers in R3. We also all these new examples
Saddle Towers.
Consider a Jenkins-Serrin domain Ω whose edges A1, B1, A2, B2, . . . , Ak, Bk (ylially
ordered) have length ℓ ∈ (0,+∞). Denote by p1, . . . , p2k the verties of Ω, suh that
p2i−1, p2i are the endpoints of Ai and p2i, p2i+1 are the endpoints of Bi, for i = 1, . . . , k (as
usual, we onsider the yli notation p2k+1 ≡ p1), see Figure 3.
By Theorem 2.3, there exists a solution u : Ω → R to the minimal graph equation (1)
on Ω satisfying u|Ai = +∞ and u|Bi = −∞, for any i = 1, . . . , k.
The geometry of the graph surfae Σ of u near ∂Ω is explained in [12℄. When we
approah a point in Ai (resp. Bi) within Ω, the tangent plane to Σ beomes vertial,
asymptoti to Ai×R (resp. Bi×R); i.e. the angle funtion ν goes to zero as we approah
Ai, Bi. Moreover Σ is bounded by 2k vertial straight lines passing through the verties
of Ω. Sine Σ is asymptoti to Ai × R (resp. Bi × R) over Ai (resp. Bi), the intrinsi
distane on Σ from {p2i−1} × R to {p2i} × R (resp. from {p2i} × R to {p2i+1} × R) is ℓ,
whih is never attained (ℓ is the asymptoti intrinsi distane at innity).
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Proposition 3.1. The onjugate surfae Σ∗ of Σ is a (vertial) minimal graph, whose
boundary is of the form ∂Σ∗ = γ∗1 ∪ δ
∗
1 ∪ . . . ∪ γ
∗
k ∪ δ
∗
k, where
γ∗1 , . . . , γ
∗
k ⊂ {t = 0} and δ
∗
1 , . . . , δ
∗
k ⊂ {t = ℓ}
are urvature lines of symmetry. Let us all Ω∗, δ˜∗i the respetive vertial projetion of
Σ∗, δ∗i over {t = 0}. Then:
(1) None of the urves γ∗i , δ˜
∗
i is onvex (with respet to Ω
∗
) at any point.
(2) γ∗i and δ˜
∗
i (resp. δ˜
∗
i and γ
∗
i+1) are asymptoti at their ommon endpoint at ∂∞H
2
.
(3) ∂Ω∗ = γ∗1 ∪ δ˜
∗
1 ∪ . . . ∪ γ
∗
k ∪ δ˜
∗
k (ylially ordered).
(4) Σ∗ − ∂Σ∗ ⊂ {0 < t < ℓ}.
Proof. Sine Ω is onvex, Theorem 2.10 says that the onjugate surfae Σ∗ of Σ is a
minimal graph over a domain Ω∗ ⊂ H2. By Lemma 2.9, we know that the onjugation
transforms vertial straight lines into horizontal urvature lines of symmetry. Then ∂Σ∗
onsists of 2k horizontal symmetry urves γ∗1 , δ
∗
1, . . . , γ
∗
k, δ
∗
k. Assume those boundary urves
are ordered so that two onseutive ones orrespond by onjugation to vertial straight
lines in ∂Σ through onseutive verties of Ω. For every i = 1, . . . , k, let γi, δi ⊂ ∂Σ be the
straight lines whih orrespond by onjugation to γ∗i , δ
∗
i ⊂ ∂Σ
∗
; and γ˜∗i , δ˜
∗
i be the vertial
projetion of γ∗i , δ
∗
i over {t = 0} ≡ H
2
, respetively.
Consider the surfae M obtained by extending Σ∗ by symmetry with respet to the
horizontal plane ontaining γ∗1 . If γ˜
∗
1 is onvex (with respet to Ω
∗
) at some point, then
we will obtain by the maximum priniple that M is ontained in a vertial plane, a
ontradition with the fat that Σ∗ is a graph. Similarly, we dedue that none of vertial
projetions of the urves in ∂Σ∗ has a onvexity point. This proves (1).
The asymptoti intrinsi distane at innity between γi, δi (resp. δi, γi+1) is ℓ sine the
surfae Σ is asymptotially vertial. By Theorem 2.5, Σ,Σ∗ are isometri and have the
same angle funtion. Thus the asymptoti intrinsi distane between γ∗i , δ
∗
i (resp. δ
∗
i , γ
∗
i+1)
is ℓ, and the unit normal vetor eld N∗ to Σ∗ is asymptotially horizontal between γ∗i
and δ∗i (resp. between δ
∗
i and γ
∗
i+1). In partiular, δ˜
∗
i shares an endpoint with γ˜
∗
i , where
they arrive tangentially, and the other with γ˜∗i+1, where they are also tangent. Observe
that this proves (3).
To nish (2), it remains to prove that the endpoints of eah δ˜∗i are at ∂∞H
2
. Fix a
point p∗ ∈ δ∗i , and let p˜
∗ ∈ δ˜∗i be its vertial projetion. The point p
∗
orresponds by
onjugation to a point p ∈ δi, whih divides δi in two urves of innite length. Sine Σ
and Σ∗ are isometri, then eah omponent of δ˜∗i − {p˜
∗} has innite length as well, and
nishes at a ommon endpoint with γ˜∗i or γ˜
∗
i+1. Sine all γ˜
∗
i , δ˜
∗
i , γ˜
∗
i+1 are not onvex (with
respet to Ω∗) at any point, we dedue that the endpoints of δ˜∗i must be at ∂∞H
2
.
Reall that the asymptoti intrinsi distane between γ∗i , δ
∗
i (resp. δ
∗
i , γ
∗
i+1) is ℓ, for any
i = 1, . . . , k. We an assume that γ∗1 ⊂ {t = 0} and δ
∗
1 ⊂ {t = ℓ}. We know that either
γ∗2 ⊂ {t = 0} or γ
∗
2 ⊂ {t = 2ℓ}. Let us prove that the seond ase is impossible. We
all q∗1 ∈ ∂∞H
2
the ommon endpoint of γ˜∗1 , δ˜
∗
1. Sine Σ
∗
is asymptoti to {q∗1} × (0, ℓ)
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when we approah q∗1 within Ω
∗
, then Σ∗ is loally below δ∗1 near the asymptoti point
(q∗1, ℓ) at innity. Sine N
∗
is horizontal along δ∗1 , then Σ
∗
is loally below {t = ℓ} in a
small neighborhood of δ∗1. In partiular, Σ
∗
is loally below δ∗1 near (q
∗
2 , ℓ), where q
∗
2 is
the ommon endpoint of δ˜∗1, γ˜
∗
2 . Thus Σ
∗
annot be asymptoti to {q∗2}× (ℓ, 2ℓ), and then
γ∗2 ⊂ {t = 0}. Arguing similarly we prove
γ∗1 , . . . , γ
∗
k ⊂ {t = 0} and δ
∗
1, . . . , δ
∗
k ⊂ {t = ℓ}.
Finally we obtain (4) by the maximum priniple. 
Sine Σ∗ is a graph, it is in partiular embedded. By reeting Σ∗ about the horizontal
plane {t = ℓ} we get a surfae M whose boundary onsists of horizontal urvature lines of
symmetry at heights 0 and 2ℓ, whih dier by the translation by T = (0, 0, 2ℓ). Moreover,
M is embedded, as Σ∗ − ∂Σ∗ ⊂ {0 < t < ℓ}.
Extending Σ∗ by symmetry with respet to the horizontal planes at heights multiple of
ℓ, we obtain an embedded singly periodi minimal surfae M with period T = (0, 0, 2ℓ).
Furthermore, M is proper, by item (2) in Proposition 3.1. It is easy to see that the
quotient of M by T has genus 0 and 2k ends asymptoti to at vertial annuli (named
vertial Sherk-type ends). M is alled a Saddle Tower.
Moreover, Nelli and Rosenberg [12℄ proved that Σ has total urvature 2π(1− k). Thus
the same holds for Σ∗, and the fundamental domainM ofM has total urvature 4π(1−k).
To nish Theorem 1.1, it remains to prove that, given k > 2 and ℓ ∈ (0,+∞), there
exists (2k−3) possible Jenkins-Serrin domains Ω with 2k edges A1, B1, A2, B2, . . . , Ak, Bk
of length ℓ, after identifying them by isometries of H2. Up to an isometry of H2 we an
assume that A1 is xed; i.e. the verties p1, p2 are xed. Observe that one we have
hosen the verties p3, . . . , p2k−1, then the vertex p2k is determined by p2k−1 and p1, as
Ω is a Jenkins-Serrin domain. Eah vertex pi, i = 3, . . . , 2k − 1, is at distane ℓ from
pi−1, hene pi is determined by the interior angle θi−1 at pi−1 (i.e. the interior angle at
pi−1 between the edges in ∂Ω whih have pi−1 as a ommon endpoint). Sine Ω is onvex,
0 6 θi−1 6 π. Additional onstraints for θi−1 ome from the fats that ∂Ω is losed, and
that Ω is a Jenkins-Serrin domain. We have obtained that the spae of Jenkins-Serrin
domains Ω with 2k edges of length ℓ, one of them xed, has 2k − 3 freedom parameters
θ2, . . . , θ2k−2. This proves Theorem 1.1.
Remark 3.2 (Symmetri ase).
(1) In the ase the verties p2i−1 of Ω are at distane λ from a point of H
2
, say the
origin 0, and the verties p2i of Ω are at distane µ from 0 (see Figure 3, left), then
the graph Σ over Ω an be obtained (up to a vertial translation) by reetion from
the minimal graph ΣT over a triangle T with verties p1, p2, 0 with boundary values
+∞ along A1 and 0 along ∂T − A1. Then Σ ontains k geodesi ars at height 0
meeting at 0 ∈ Σ equiangularly (as usual, we are identifying H2 ≡ H2 × {0}):
• k geodesi ars of length λ+ µ, if k is odd;
• k/2 geodesi ars of length 2λ and k/2 geodesi ars of length 2µ, when k is
even.
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Those horizontal geodesis give us by onjugation k vertial urvature lines of
symmetry in Σ∗ (of the same length as in Σ) meeting with angle π/k. Then Σ∗
an be obtained from Σ∗T by symmetries.
(2) By uniqueness of the Jenkins-Serrin graphs, when λ = µ we have that ΣT is
symmetri with respet to the vertial plane whih bisets T at its vertex 0. That
symmetry says that Σ∗T ontains a horizontal straight line, and then we an obtain
Σ∗ from half a Σ∗T bounded by a horizontal urvature line of symmetry γ at height
0, a vertial urvature line of symmetry α and a horizontal geodesi urve L at
height ℓ/2; α, L meeting at an angle π/(2k). All those symmetries allow us to
obtaining the orresponding Saddle Tower more easily than in the general ase.
These symmetri examples are the ones Lee and Pyo are onstruting [9℄.
4. Properly embedded minimal surfaes of genus zero in H2 × R
In this setion we obtain as a limit of Saddle Towers with 2k vertial Sherk-type
ends and period vetor (0, 0, 2ℓ), with ℓ → +∞, a properly embedded minimal surfae
in H2 × R with total urvature 4π(1 − k), genus zero and k ends asymptoti to vertial
geodesi planes (Theorem 1.2). It will be the onjugate surfae of a Jenkins-Serrin graph
over a semi-ideal polygonal domain.
Consider a semi-ideal Jenkins-Serrin domain Ω with 2k verties p1, . . . , p2k ylially
ordered so that the verties p2i−1 are in the interior of H
2
, and the verties p2i are at
∂∞H
2
, for i = 1, . . . , k. As in the previous setion, all Ai the edge of Ω whose endpoints
are p2i−1, p2i, and Bi the edge of Ω whose endpoints are p2i, p2i+1. We also require that Ω
satises the following additional ondition:
(⋆) For eah p2i ∈ ∂∞H
2
, there exists a suiently small horoyle H2i
suh that it only intersets ∂Ω along Ai, Bi, and
distH2(p2i−1, H2i) = distH2(p2i+1, H2i).
Observe we an hoose the horoyles H2i so that, for any i = 1, . . . , k,
distH2(p2i−1, H2i) = distH2(p2i+1, H2i) = ℓ0,
independently of i. Also we an hoose them small enough so that
(2) distH2(p2i−1, p2i+1) < 2ℓ0, for any i = 1, . . . , k.
Consider the nested sequene of horoyles H2i(n) at p2i, n > 0, onverging to p2i as
n→ +∞, suh that H2i(0) = H2i and distH2 (H2i(n+ 1), H2i(n)) = 1. We set
ℓn = ℓ0 + n.
We are going to obtain Ω as limit of Jenkins-Serrin domains Ωn as n → +∞, eah Ωn
with 2k edges of length ℓn.
Firstly, we remark the following fat. Condition (⋆) ensures the existene of a horoyle
C2i at p2i passing through p2i−1, p2i+1. Call D2i the omponent of H
2 − C2i whose only
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point of ∂∞H
2
at its innite boundary is p2i (i.e. D2i is the domain inside the horoyle
C2i), and D2i = D2i∪C2i. We get the following lemma, sine Ω is a Jenkins-Serrin domain.
Lemma 4.1. Every vertex p2j−1 of Ω, for j 6∈ {i, i+ 1}, is ontained in H
2 −D2i.
Proof. Suppose there exists some p2j−1 ∈ D2i, with j 6∈ {i, i+ 1}. Then, for every n, we
have
distH2(p2j−1, H2i(n)) 6 ℓn = distH2(p2i−1, H2i(n)) = distH2(p2i+1, H2i(n)).
Let γ be the geodesi from p2j−1 to p2i, and P be the omponent of Ω−γ ontaining Ai on
its boundary. Clearly, P is a polygonal domain insribed in Ω. It holds β(P) = α(P)− ℓn
for this hoie of horoyles, and then
|Γ(P)| = distH2(p2j−1, H2i(n)) + α(P) + β(P) 6 2α(P).
And this holds for every n, a ontradition as Ω is a Jenkins-Serrin domain. 
Now let us onstrut the Jenkins-Serrin domains Ωn. All the verties p2i−1 ∈ H
2
of Ω
will be verties of eah Ωn as well. Let us obtain the verties p2i(n) of Ωn suh that, for
eah i = 1, . . . , k:
(a) distH2(p2i(n), p2i−1) = distH2(p2i(n), p2i+1) = ℓn;
(b) p2i(n) ∈ Ω and p2i(n)→ p2i as n→ +∞.
By (2), distH2(p2i−1, p2i+1) < 2ℓ0 < 2ℓn. This guarantees that the irles of radius ℓn
entered at p2i−1, p2i+1 interset at exatly two points, eah one lying in a dierent om-
ponent of H2 − γ2i, where γ2i is the omplete geodesi passing through p2i−1, p2i+1, see
Figure 4. We dene p2i(n) as the intersetion point of those irles whih is ontained
in the omponent of H2 − γ2i having p2i at its boundary at innity. The point p2i(n)
lies in the region of Ω bounded by Ai, H2i(n), Bi and γ2i. By onstrution, p2i(n) veries
onditions (a) and (b) above, and the onstruted Jenkins-Serrin domain Ωn has 2k edges
of length ℓn and onverges to Ω as n→ +∞. Call Ai(n) the edge of Ωn whose endpoints
are p2i−1, p2i(n), and Bi(n) the edge of Ωn whose endpoints are p2i(n), p2i+1.
Lemma 4.2. For n big enough, Ωn is a Jenkins-Serrin domain.
Proof. By onstrution, α(Ωn) = β(Ωn). Suppose there exists an insribed polygonal
domain P in Ωn, P 6= Ωn, suh that |∂P| 6 2α(P) (the ase |∂P| 6 2β(P) follows
similarly). Sine P 6= Ωn, there is at least an interior geodesi γ1 in ∂P (i.e. γ1 ⊂
∂P ∩ Ωn). We an assume that there are no two onseutive interior geodesis γ1, γ2: we
would replae P by another insribed polygonal domain satisfying the same properties by
replaing the geodesis γ1, γ2 by the geodesi γ3 suh that γ1 ∪ γ2 ∪ γ3 bound a geodesi
triangle ontained in Ωn. In a similar way, we an assume that
∂P = Ai1(n) ∪ γ1 ∪ . . . ∪Aij (n) ∪ γj ∪ Aij+1(n) ∪ . . . ∪ Ais(n) ∪ γs,
where eah γj is either an interior geodesi or a Bi(n) edge, and at least γ1 ⊂ Ωn. In
partiular, eah γj joins an even vertex q2j(n) = p2ij (n) to an odd vertex q2j+1 = p2ij+1−1.
Remark that when γj is a Bi(n) edge, then γj = Bij(n) and ij+1 = ij + 1.
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Figure 4. Constrution of the vertex p2i(n) of Ωn as the intersetion point
in the shadowed region of the irles of radius ℓn entered at p2i−1, p2i+1.
As
∑s
j=1 |γj| = |∂P| − α(P) 6 α(P) = sℓn, there must be some interior geodesi
γj ⊂ ∂P whose length is smaller than or equal to ℓn. Take the hyperboli irle S(n) of
enter q2j(n) and radius ℓn, and let D(n) be the hyperboli disk bounded by S(n), see
Figure 5. Then the vertex q2j+1 lies in D(n) = D(n)∪S(n). Let us prove that this is not
possible when n is large.
The irles S(n) onverge to the horoyle C2ij as n→ +∞. And by Lemma 4.1, q2j+1
annot be ontained in the losed horodisk D2ij bounded by C2ij . Then q2j+1 ∈ H
2−D(n)
for n large enough. 
Observe that the insribed polygonal domain P0 whose verties are the verties p2i−1
of Ω, is ontained in all the domains Ωn. Fix a point p0 ∈ P0.
By Theorem 2.3, there exists a solution u (resp. un, for any n) to the minimal graph
equation dened over Ω (resp. Ωn) with boundary values +∞ over Ai (resp. Ai(n)) and
−∞ over Bi (resp. Bi(n)). Denote by Σ (resp. Σn) the graph surfae of u (resp. un). Up
to a vertial translation we an assume u(p0) = un(p0) = 0. (Observe that we ould have
exhanged the edges Ai, Bi, but the graph we would have obtained would be Σ up to a
symmetry about H
2 × {0}).
The domains Ωn onverge to Ω. Sine Ω is a Jenkins-Serrin domain, there annot
exist divergene lines assoiated to the sequene of graphs un (see [10℄ for the denition of
divergene lines and for similar arguments). Sine un(p0) = 0 for any n ∈ N, a subsequene
of the un onverges uniformly on ompat sets of Ω to a solution u∞ of the minimal graph
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Figure 5. The irle S(n) of radius ℓn entered at q2j(n) onverges to the
horoyle C2ij at p2ij as n→ +∞.
equation. We an dedue u∞ = u. Hene the minimal graphs Σn onverge to Σ, after
taking a subsequene.
Observe that the vertial straight lines Γi = {p2i−1}×R are ontained in the boundary
of all the Σn and also of Σ. In partiular, none of the distanes distΣn(Γi,Γj) an diverge,
for any i, j ∈ {1, . . . , k}. After passing to a subsequene, we an assume that there exists
a onstant C > 0 suh that, for any i, j ∈ {1, . . . , k},
distΣn(Γi,Γj) 6 C, for any n ∈ N,
and distΣ(Γi,Γj) 6 C.
Denote by Σ∗ (resp. Σ∗n) the onjugate surfae of Σ (resp. Σn). By Theorem 2.10,
Σ∗ is a minimal graph, as Σ is a minimal graph over Ω, whih is onvex. Moreover,
∂Σ = Γ1 ∪ . . . ∪ Γk, so the boundary of Σ
∗
is omposed of k horizontal urvature lines of
symmetry Γ∗i , by Lemma 2.9. Sine Σ,Σ
∗
are isometri, then distΣ∗(Γ
∗
i ,Γ
∗
j) 6 C for every
i, j ∈ {1, . . . , k}. We want to prove that all the urves Γ∗i lie in the same horizontal plane,
say {t = 0}, and Σ∗ is ontained in one of the half-spaes determined by {t = 0}.
For any n, Σn is a graph over the onvex domain Ωn and the boundary of Σn equals
Γ1 ∪ η1(n) ∪ . . .Γk ∪ ηk(n), where eah Γi is dened as above and ηi(n) = {p2i(n)} × R,
for any i = 1, . . . , k. By Proposition 3.1, Σ∗n is a graph over a domain Ω
∗
n and
∂Σ∗n = Γ
∗
1(n) ∪ η
∗
1(n) ∪ . . . ∪ Γ
∗
k(n) ∪ η
∗
k(n),
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where Γ∗1(n), . . . ,Γ
∗
k(n) (resp. η
∗
1(n), . . . , η
∗
k(n)) are horizontal urvature lines of symmetry
ontained in the same horizontal plane, and both planes are at distane ℓn from eah other.
Call Γ˜∗i (n) (resp. η˜
∗
i (n)) the vertial projetion of Γ
∗
i (n) (resp. η
∗
i (n)) over {t = 0}.
Then ∂Ω∗n = Γ˜
∗
1(n) ∪ η˜
∗
1(n) ∪ . . . ∪ Γ˜
∗
k(n) ∪ η˜
∗
k(n), and two onseutive urves in ∂Ω
∗
n
are asymptoti at ∂∞H
2
. We know that, up to a vertial translation to have a xed
point, the graphs Σ∗n onverge to the graph Σ
∗
. It ould be that the boundary values
of the graphs over the boundary urves Γ˜∗i (n) would diverge to −∞; but this is not
possible as distΣ∗n(Γ
∗
i (n),Γ
∗
j(n)) 6 C, for any i, j ∈ {1, . . . , k} and any n ∈ N. Therefore,
up to a vertial translation we an assume that Γ∗1(n), . . . ,Γ
∗
k(n) ⊂ {t = 0}; the urves
Γ˜∗i (n) = Γ
∗
i (n) onverge to the urves Γ
∗
i , and the graphs Σ
∗
n onverge to Σ
∗
. In partiular,
∂Σ∗ ⊂ {t = 0}.
Suppose η∗1(n), . . . , η
∗
k(n) ⊂ {t = ℓn} (if they are ontained in {t = −ℓn} we argue
similarly). The height of eah urve η∗i (n) diverge to +∞, hene its projetion η˜
∗
i (n)
onverge to the geodesi η˜∗i ∈ H
2
joining the orresponding endpoints of Γ∗i ,Γ
∗
i+1 at ∂∞H
2
.
Moreover, sine the graph Σ∗(n) is ontained in {t > 0} for any n, then the same holds
for Σ∗. If we reet Σ∗(n) with respet to {t = 0}, we get a properly embedded minimal
surfae M of genus zero and k planar ends in H2×R (the ends of M is asymptoti to the
vertial geodesi planes η˜∗i × R).
Collin and Rosenberg [1℄ proved that Σ (and so Σ∗) has total urvature 2π(1 − k).
Hene M has total urvature 4π(1− k).
To omplete the proof of Theorem 1.2, it remains to show that, given k > 2, there
exist (2k− 3) possible semi-ideal Jenkins-Serrin domains Ω satisfying ondition (⋆), after
identifying them by isometries of H2. Firstly we observe that, for i = 1, . . . , k, the
vertex p2i ∈ ∂∞H
2
is determined one we have hosen p2i−1 and p2i+1, sine Ω satises
ondition (⋆). Thus we have to ompute the parameters whih determine the verties
having odd subindex. We an assume that p1 is xed as well as the diretion of the geodesi
ar α1 from p1 to p3. So the vertex p3 is determined by the length of α1. That gives the
rst parameter. For i = 2, . . . , k− 1, the vertex p2i+1 is determined by both the diretion
and the length of the geodesi ar αi joining p2i−1, p2i+1 (the diretion of αi is given by
the interior angle at p2i−1 between αi−1 and αi). So we have two additional parameters
for the remaining k− 2 verties of Ω, and the total number of freedom parameters equals
2k − 3. This nishes Theorem 1.2.
Remark 4.3 (Symmetri ase). In the ase the verties p2i−1 of Ω are at distane λ from
the origin 0 of H2, then we an get Σ∗ as limit of symmetri surfaes as at item (1) of
Remark 3.2 (when µ → +∞). In partiular, Σ∗ ontains k vertial urvature lines of
symmetry (of innite length when k is odd; or k/2 of length 2λ and k/2 of innite length
when k is even). These are the examples onstruted by Pyo in [14℄.
5. Jenkins-Serrin graphs over ideal polygonal domains
In this setion we prove Theorem 1.3. Let Ω be an ideal Jenkins-Serrin domain with
2k verties p1, . . . , p2k ∈ ∂∞H
2
ylially ordered. We are going to obtain Ω as limit of
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semi-ideal Jenkins-Serrin domains Ωn ontained in Ω. Using the previous setion and a
diagonal argument, that fat ensures we an also obtain Ω as limit of bounded Jenkins-
Serrin domains Ω˜n, eah Ω˜n with 2k edges of the same length.
As in the previous setions, all Ai the edge of Ω whose endpoints are p2i−1, p2i, and
Bi the edge of Ω whose endpoints are p2i, p2i+1. For eah i = 1, . . . , 2k, we an onsider a
horoyle Hi at pi suh that it only intersets ∂Ω along the edges of Ω nishing at pi, and
distH2(Hi, Hi−1) = ℓ0,
for some ℓ0 > 0, as Ω satises the Jenkins-Serrin onditions. Consider the nested sequene
of horoylesHi(n) at pi, with n > 0, onverging to pi as n→ +∞, suh thatH2i(0) = H2i
and
distH2 (Hi(n+ 1), Hi(n)) = 1.
Dene
δn = max
i=1,...,k
{distH2(Bi−1 ∩H2i−1(n), Ai ∩H2i−1(n)), distH2(Ai ∩H2i(n), Bi ∩H2i(n))},
whih onverges to zero as n goes to +∞, and
ℓn = ℓ0 + 2n+ 2δn,
whih diverges to +∞ as n→ +∞.
The even verties p2i of Ω will be verties of eah Ωn as well. Let us dene the verties
p2i−1(n) of Ωn onverging to p2i−1. Consider the horoyle C2i(n) at p2i suh that
distH2 (C2i(n), H2i(n)) = ℓn.
Sine distH2 (H2i−2(n), H2i(n)) < 2ℓn, then the horoyles C2i−2(n), C2i(n) interset at
exatly two points, eah one lying in a dierent omponent of H2 − γ2i−1, where γ2i−1 is
the omplete geodesi from p2i−2 to p2i, see Figure 6. We dene p2i−1(n) as the intersetion
point of those horoyles whih is ontained in the omponent of H2 − γ2i−1 having p2i−1
at its innite boundary. Let Υ2i−1(n) be the horoyle at p2i−1 passing through the points
Bi−1 ∩ C2i−2(n) and Ai ∩ C2i(n). The point p2i−1(n) lies in the region of Ω bounded by
Bi−1,Υ2i−1(n), Ai and γ2i, and onverges to p2i−1 when n goes to +∞. We dene Ωn
as the semi-ideal polygonal domain whose verties are p1(n), p2, . . . , p2k−1(n), p2i. Call
Ai(n) the edge of Ωn whose endpoints are p2i−1(n), p2i, and Bi(n) the edge of Ωn whose
endpoints are p2i, p2i+1(n).
Lemma 5.1. For n big enough, the semi-ideal domain Ωn satises the onditions of
Jenkins-Serrin.
Proof. We take the horoylesH2i(m), for some xedm, to ompute the trunated lengths
of geodesis in Ωn (see Subsetion 2.1). By onstrution, α(Ωn) = β(Ωn). Suppose there
exists an insribed polygonal domain Pn in Ωn, Pn 6= Ωn, suh that |Γ(Pn)| 6 2α(Pn)
(the ase |Γ(Pn)| 6 2β(Pn) follows similarly). Sine Pn 6= Ωn, there is at least an interior
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Figure 6. distH2 (H2i−2(n), H2i−1(n)) = distH2 (H2i−1(n), H2i(n)) = ℓ0+2n
and distH2 (C2i−2(n), H2i−2(n)) = distH2 (C2i(n), H2i(n)) = ℓn. We get the
vertex p2i−1(n) of Ωn as the intersetion point in the shadowed region of the
horoyles C2i−2(n) at p2i−2 and C2i(n) at p2i.
geodesi ar γ1(n) in ∂Pn (i.e. γ1(n) ⊂ ∂Pn ∩Ωn). As in the proof of Lemma 4.2, we an
assume that
∂Pn = γ1(n) ∪Ai1(n) ∪ . . . ∪ γs(n) ∪ Ais(n),
where eah γj(n) is either an interior geodesi or a Bi(n) edge in ∂Ωn, and at least γ1(n)
is an interior geodesi. In partiular, eah γj(n) joins an even vertex q2j = p2ij−1 to an
odd vertex q2j+1(n) = p2ij−1(n).
Sine
∑s
j=1 |γj(n)∩Γ(Pn)| = |Γ(Pn)| −α(Pn) 6 α(Pn) = s(ℓn− n+m), there must be
some interior geodesi γj(n) ⊂ ∂Pn suh that
|γj(n) ∩ Γ(Pn)| 6 ℓn − n+m = |Aij(n) ∩ Γ(Pn)|.
We observe that d(n) = |γj(n) ∩ Γ(Pn)| − |Aij (n) ∩ Γ(Pn)|, whih is non-positive, does
not depend on m.
Let Γ˜(Pn) be the part of Γ(Pn) outside the horoyles H2i−1(m) (we are removing a
ompat part of Γ(Pn)), and dene
d˜(n) = |γj(n) ∩ Γ˜(Pn)| − |Aij(n) ∩ Γ˜(Pn)|
(♣)
6 d(n) 6 0,
where in (♣) we have used that Aij (n) is ontained in a omplete geodesi urve nishing
at p2ij−1.
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Now we take the horoyles H2i−1(m), H2i(m) for omputing the trunated lengths of
geodesis of innite length ontained in Ω. Consider the polygonal domain P insribed in
Ω obtained from Pn by replaing the verties whih are odd verties p2i−1(n) of Ωn by the
orresponding verties p2i−1 of Ω, and denote by γj ⊂ ∂P the geodesi from q2j = p2ij−1
to q2j+1 = p2ij−1. It is lear that Pn (resp. γj(n), Aij(n)) onverges to P (resp. γj,
Aij ) as n → +∞. Thus d˜(n) onverges to |γj ∩ Γ(P)| − |Aij ∩ Γ(P)|. In partiular
|γj ∩ Γ(P)| 6 |Aij ∩ Γ(P)|.
Let P1 be the omponent of Ω − γj ontaining Aij on its boundary. Clearly, P1 is a
polygonal domain insribed in Ω, and it holds
|Γ(P1)| − 2α(P1) = |γj ∩ Γ(P)| − |Aij ∩ Γ(P)| 6 0.
As this holds for any m, we get a ontradition with Ω being a Jenkins-Serrin domain. 
Using Setion 4 and a diagonal argument, we obtain Ω as limit of bounded Jenkins-
Serrin domains Ω˜n, eah Ω˜n with 2k edges of length ℓn and verties p1(n), . . . , p2k(n) (the
odd verties p2i−1(n) are also verties of the semi-ideal domain Ωn). Call A˜i(n) (resp.
B˜i(n)) the edge of Ωn whose endpoints are p2i−1(n), p2i(n) (resp. p2i(n), p2i+1(n)).
We now pass to the onjugate surfaes arguing similarly as in Setion 4. Fix a point
p0 ∈ Ω. For n large enough, p0 ∈ Ω˜n. By Theorem 2.3, there exists a solution u (resp.
un, for any n) to the minimal graph equation dened over Ω (resp. Ω˜n), with boundary
values +∞ over Ai (resp. A˜i(n)) and −∞ over Bi (resp. B˜i(n)). Denote by Σ (resp.
Σn) the graph surfae of u (resp. un). Up to a vertial translation we an assume
u(p0) = un(p0) = 0. Sine Ω is a Jenkins-Serrin domain, there annot exist divergene
lines assoiated to the sequene of graphs un. Hene a subsequene of {Σn}n onverges
uniformly on ompat sets to Σ.
Denote by Σ∗ (resp. Σ∗n) the onjugate surfae of Σ (resp. Σn). Remark that Σ
∗
has
no boundary, as ∂Σ = ∅. Sine Σ and all the Σn ontain a point p0, we an take a xed
point p∗0 ∈ H
2 × R (orresponding by onjugation to p0) ontained in Σ
∗
and in Σ∗n, for
any n. Then the surfaes Σ∗n onverge to Σ
∗
, as n→ +∞.
By Proposition 3.1, Σ∗n is a graph over a domain Ω
∗
n and
∂Σ∗n = Γ
∗
1(n) ∪ η
∗
1(n) ∪ . . . ∪ Γ
∗
k(n) ∪ η
∗
k(n),
where Γ∗1(n), . . . ,Γ
∗
k(n) (resp. η
∗
1(n), . . . , η
∗
k(n)) are horizontal urvature lines of symmetry
ontained in the same horizontal plane, and both planes are at distane ℓn from eah other.
Assume
Γ∗1(n), . . . ,Γ
∗
k(n) ⊂ {t = −tn} and η
∗
1(n), . . . , η
∗
k(n) ⊂ {t = ℓn − tn}.
Sine the distane from p0 to eah one of the 2k omponents of ∂Σn (whih are vertial
straight lines over the verties of Ω˜n) diverges to +∞ as n→ +∞, the same does for the
distane from p∗0 to eah omponent of ∂Σ
∗
n. Thus both tn and ℓn − tn diverge to +∞.
Call Γ˜∗i (n) (resp. η˜
∗
i (n)) the vertial projetion of Γ
∗
i (n) (resp. η
∗
i (n)) over {t = 0}.
Then ∂Ω∗n = Γ˜
∗
1(n) ∪ η˜
∗
1(n) ∪ . . . ∪ Γ˜
∗
k(n) ∪ η˜
∗
k(n), and two onseutive urves in ∂Ω
∗
n are
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asymptoti at ∂∞H
2
. As tn (resp. ℓn − tn) diverges to +∞ as n → +∞, then un|Γ∗
i
(n)
(resp. un|η∗
i
(n)) diverge to −∞ (resp. +∞). We dedue that eah Γ
∗
i (n) (resp. η
∗
i (n))
onverges to a geodesi Γ∗i (resp. η
∗
i ). Therefore, the domains Ω
∗
n onverge to an ideal
polygonal domain Ω∗, with ∂Ω∗ = Γ∗1∪η
∗
1 ∪ . . .∪Γ
∗
k ∪η
∗
k, and Σ
∗
is a Jenkins-Serrin graph
over Ω∗ with boundary values −∞ at eah Γ∗i and +∞ at eah η
∗
i .
To nish Theorem 1.3, it remains to prove that, given k > 2, there exists (2k − 3)
possible ideal Jenkins-Serrin domains Ω, after identifying them by isometries of H2. We
an assume that the verties p1, p2 are xed. One hosen the verties p3, . . . , p2k−1, the
vertex p2k is determined by p2k−1 and p1, as Ω is a Jenkins-Serrin domain. Hene we have
2k − 3 freedom parameters. This ompletes Theorem 1.3.
Remark 5.2 (Symmetri ase). If Ω an be obtained by reetion from an ideal triangle
T with verties p1, p2, 0, then Σ
∗
an be got as a limit of symmetri Saddle Towers as at
item (2) of Remark 3.2 (when λ = µ → +∞). Then Σ∗ ontains k horizontal geodesis
and k vertial urvature lines of symmetry, all meeting at the origin with angle π/(2k).
We dedue that Σ∗ = Σ; i.e. the Jenkins-Serrin graphs over symmetri ideal polygonal
domains are self-onjugate.
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